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Introduction 

The notion of a conformal algebra encodes an axiomatic description 
of the operator product expansion of chiral fields in conformal field 
theory. On the other hand, it is an adequate tool for the study of 
infinite-dimensional Lie algebras satisfying the locality property ||K2|| - 
|[K4|| , ||DK|| . Likewise, conformal modules over a conformal algebra A 
correspond to conformal modules over the associated Lie algebra Lie A 
||(JK|| . The main examples of Lie algebras Lie A are the Lie algebras 
"based" on the punctured complex plane C^, namely the Lie algebra 
VectC^ of vector fields on (= Virasoro algebra) and the Lie alge- 
bra of maps of to a finite-dimensional Lie algebra (= loop algebra). 
Their irreducible conformal modules are the spaces of densities on 
and loop modules, respectively, |PK|| . Since complete reducibility does 



not hold in this case (cf. [0], ||CKW|] ) , one may expect that their coho- 



mology theory is very interesting. 

In the present paper we develop a cohomology theory of confor- 
mal algebras with coefficients in an arbitrary module. We introduce 
the basic and the reduced complexes, the latter being a quotient of 
the former. The basic complex turns out to be isomorphic to the 
Lie algebra complex for the so-called annihilation subalgebra {LieA)_ 
of Lie A. For the main examples the annihilation subalgebra turns 
out to be its complex-plane counterpart {i.e., is replaced by C). 
The cohomology of these Lie algebras has been extensively studied in 
CTlj |GF2| , |FFt [FeTi |F|, |re2|. This allows us to compute the coho- 



mology of the conformal algebra A, which in its turn captures main 
features of the cohomology of the Lie algebra Lie A. As a byproduct 
of our considerations, we compute the cohomology of a current Lie al- 
gebra on C with values in an irreducible highest-weight module (see 
Theorem |8.2|), which has been known only when the module is trivial 



Pel 



The first cohomology theory in the context of operator product ex- 
pansion was the cohomology theory of vertex algebras and conformal 
field theories introduced in ||KV| . The cohomology theory of the present 



paper relates to the cohomology theory of ||KV|| as much as Chevalley- 
Eilenberg cohomology of Lie algebras relates to Hochschild (or more 
exactly, Harrison) cohomology of commutative associative algebras. 
The two theories possess standard properties of cohomology theories. 
For example, the cohomology of ||K"V|] describes deformations of vertex 
algebras, and the cohomology of this paper describes same of confor- 
mal algebras. However, the cohomology of ||KV|| is hard to compute. 
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whereas this paper offers the computation of cohomology in most of 
the important examples. 

The paper is organized as follows. In Section || we recall the defini- 
tion of a conformal algebra and of a (conformal) module over it and 
describe their relation to formal distribution Lie algebras and confor- 
mal modules. ^ 

In Section ^we construct the basic complex C'{A,M) and its quo- 
tient, the reduced complex C'{A, M), for a module M over a conformal 
algebra A. These complexes define the basic and reduced cohomology 
of a conformal algebra A. 

In Section ^ we show that this cohomology parameterizes A-module 
extensions, abelian conformal-algebra extensions, first-order deforma- 
tions, etc. (Theorem |3.1|) . 

In Section^ we construct the dual, homology complexes. In Section | 
we define the exterior multiplication, contraction and module structure 
for the basic complex. 

In Section ^ we prove that the basic complex is isomorphic to the 
Lie algebra complex of the annihilation algebra (Theorem 6.1). Along 
with Proposition |L1| this implies, in particular, that basic cohomology 
can be defined via a derived functor. Apparently this is not the case 
for the reduced complex. 

In Section ^ we compute the cohomology with trivial coefficients 
of the Virasoro conformal algebra Vir both for the basic and reduced 
complexes (Theorem 7.1). As one could expect, the calculation and 
the result are closely related to Gelfand-Fuchs's calculation of the co- 
homology of VectC^ ||GF1|| . We also compute both cohomo logics of 



Vir with coefficients in the modules of densities (Theorem 7.2). This 
result is closely related to the work of Feigin and Fuchs [ [FF| , . 

In Section ^ we compute the cohomology of the current conformal 
algebras both with trivial coefficients (Theorem 8.1) and with coeffi- 
cients in current modules (Theorem 8.2). This allows us, in particular, 
to classify abelian extensions of current algebras (Remark 8.1). Of 
course, abelian extensions of Vir can be classified by making use of 
Theorem 7.2. This problem has been solved earlier by M. Wakimoto 
and one of the authors of the present paper by a lengthy but direct cal- 
culation; however, in the case of current algebras the direct calculation 
is all but impossible. 

In Section ^ we briefly discuss the analogues of Hochschild and cyclic 
cohomology for associative conformal algebras and of Leibniz cohomol- 
ogy- 
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In Section |T0| we indicate how to generalize our cohomology theory 
to the case of conformal algebras in several indeterminates and discuss 
its relation to cohomology of Cartan's filtered Lie algebras. 



In Section [TT| we introduce anticommuting higher differentials which 
may be useful for computing the cohomology of the basic complex with 
non-trivial coefficients. 



In Section |T2| we briefly discuss the relation of our cohomology theory 
to Lie algebras in a general pseudo-tensor category introduced in [ [BD| . 

In the last Section ^ we list several open questions. 

Unless otherwise specified, all vector spaces, linear maps and tensor 
products are considered over the field C of complex numbers. We will 
use the divided-powers notation A*^™'^ = A'^/m!, m G Z^., where Z+ is 
the set of non-negative integers. 

Acknowledgment. The second author is grateful to Jean-Louis Loday 
for inspiring discussions on Leibniz algebras, whose conformal version, 
see Section |9]^, seems to be an essential notion in the case of nonlocal 
fields. 

1. Preliminaries on conformal algebras and modules 

Definition 1.1. A (Lie) conformal algebra is a C[9]-module A en- 
dowed with a A-bracket [axb] which defines a linear map A^A A[X\, 
where A[X] = C[A] ® A, subject to the following axioms: 

Conformal sesquilinearity: [(9aA&] = —X[axb], [axdb] = {d + 
X)[axb]; 

Skew-symmetry: [axb] = —[b-x-do]', 

Jacobi identity: [aA[&;,c]] = [[axb]x+^c] + [6^[aAc]]. 

Conformal algebras appear naturally in the context of formal distri- 
bution Lie algebras as follows. Let g be a vector space. A g- valued 
formal distribution is a series of the form a{z) = Ylnez^riZ~"'~^ , where 
a„ G and z is an indeterminate. We denote the space of such distri- 
butions by g[[z, z~^]] and the operator on this space by d. 

Let be a Lie algebra. Two g-valued formal distributions are called 
local if 

{z - w)^[a{z), b{w)] = for iV > . 



This is equivalent to saying that one has an expansion of the form [K2|: 



N-l 

(1.1) [a{z),b{w)] = J2Hw)^,)b{w))dli'>6{z-w), 

j=0 
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where 

(1.2) a{w)(j)b{w) = Res z{z — wy[a{z),b{w)] 

and 

5{z-w) = J]^-"-!^". 

Let be a family of pairwise local g-valued formal distributions such 
that the coefficients of all distributions from JF span g. Then the pair 
(g, JF) is called a formal distribution Lie algebra. 

Let denote the minimal subspace of g[[z, z~^]] containing !F which 
is closed under all j-th products (|1.2|) and (9- invariant. One knows that 



JF still consists of pairwise local distributions [[K2|| . Letting 

[axb] = J2 A^"^a(„)6, 

one endows JF with the structure of a conformal algebra, which is de- 
noted by Conf(g, J^) 



Conversely, given a conformal algebra A, one associates to it the 
maximal formal distribution Lie algebra {Lie A, A) as follows. 

Let Lie A = A[t,t~^]/{d + dt)A[t,t~^] and let a„ denote the image of 
at" in Lie A. Then the formula (a, b & A,m,n & Z): 



^1.3) [am,bn] = [^j{a{j)b) 



m+n—j 



gives a well defined bracket making Lie A a Lie algebra. It forms a for- 
mal distribution Lie algebra with the family of pairwise local distribu- 
tions JF = {a{z) = ^ri&'^nZ~'"'~^} ^^j^. We have: Conf(LieA, ^) ~ A 
via the map a ^— a{z) |[K2|| . 

The Lie algebra Lie A carries a derivation T induced by —dt. 

(1.4) T(a„) = -na„_i . 

It is clear from (|1.3| ) that the C-span of the a„ with n G Z_|_,a G A, 
is a T-invariant subalgebra of the Lie algebra Lie A. This subalgebra 
is denoted by (Lie A), and is called the annihilation Lie algebra of A. 
The semi direct sum (Lie A)" = CT + (Lie A), is called the extended 
annihilation Lie algebra. 

If one drops the skew-symmetry in the definition of a Lie algebra 
g, but keeps the Leibniz version of the Jacobi identity [a, [6, c]] = 
[[a, 6],c] + [6, [a, c]], then g is called a (left) Leibniz algebra, see 
If one also drops the condition of locality on JF, then (g, JF) is called a 
formal distribution Leibniz algebra. In this case Conf (g,jF) is a Leibniz 
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conformal algebra, i.e., the skew-symmetry axiom in the definition of 
a Lie conformal algebra is dropped. 

Definition 1.2. A module M over a Lie conformal algebra A is a C[9]- 
module endowed with the A-action a\v which defines a map A® M ^ 
M[[X]] such that 

(1.5) ax{hf,v) - b^{axv) = [axb]x+^,v, 

(1.6) {da)xv = —Xaxv, ax{dv) = {d + X)axv. 

If axv e M[X] for aA\ a e A, v e M, then the A-module M is called 
conformal. If M is finitely generated over C[d], M is simply called 
finite. 

Definition 1.3 ( |PK|| ). A conformal linear map from an A-module M 
to an A-module is a C-linear map f : M ^ ^V^i denoted fx'- M ^ 
N, such that fxd = {d + X)fx- The space of such maps is denoted 
Chom(M, A^). It has canonical structures of a C[d]- and an A-module: 

{df)x = -A/a, 

{af,f)xm = a^{fx-^,m) - fx~^i{,a^m), 

where a & A, m & M, and / G Chom(M, A^). When the two modules 
M and A^ are conformal and finite, the module Chom(M, A^) will also 
be conformal. 

For a finite module M, let Cend M = Chom(M, M) denote the space 
of conformal linear endomorphisms of M. Besides the A-module struc- 
ture, Cend M carries the natural structure 

if\9)tim = f\{.g^l-\'m), f,g e Cend M,m e M, 

of an associative conformal algebra in the sense of the following defini- 
tion, see ||K4| . 



Definition 1.4. An associative conformal algebra is a C[9]-module 
A endowed with a A-multiplication axb which defines a linear map 
A^ A ^ A[X] subject to the following axioms: 

Conformal sesquilinearity: {da)xb = —Xaxb, axdb = {d + X)axb] 
Associativity: ax{bf,c) = {axb)x+t,c. 

The A-bracket [axb] = axb — b^x-d(^ makes an associative conformal 
algebra, in particular, Cend M, a Lie conformal algebra. Cend M with 
this structure is denoted gcM and called the general Lie conformal 



algebra of a module M |DK, K^ 



Given an associative conformal algebra A, a left (or right) module 



M over it may be defined naturally, for example, like in Definition lL2. 
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A himodule may be defined by adding the axiom ax{fyi^h) = {a\m)\-^^h 
to the list of those for a left and right module. A (bi)module is called 
conformal, provided the action(s) satisfy the usual polynomiality con- 
ditions. The structure of a conformal bimodule on M is equivalent to 
an extension of the associative conformal algebra structure to the space 
A © eM, where = 0. 

We will be working with Lie conformal algebras and modules over 
them throughout the paper, except when we discuss Hochschild coho- 
mology in Section pTI|. We will therefore usually shorten the term "Lie 



conformal algebra" to "conformal algebra". 

Conformal modules over conformal algebras appear naturally in the 
context of conformal modules over formal distribution Lie algebras as 
follows. Let be a formal distribution Lie algebra and let be a 

0-module. Suppose that £ is a. family of l^-valued formal distributions 
which spans V and such that any a{z) G and v{z) E S form a local 
pair, i.e., 

{z - w)^a{z)v{w) =0 for AT > . 
Then {V,S) is called a conformal (g, jF)-module. As before, we have: 

N-l 

(1.7) a{z)v{w) = ^{a{w)(j)v{w))d^J^6{z - w), 

j=0 

where 

(1.8) a{w)Q)v{w) = ReSz{z — wya{z)v{w) . 

Let S denote the minimal subspace of V[[z, z~^]] containing S which is 
closed under all j-th actions (|1.8| ) and is 9-invariant. One knows that 
all pairs a{z) G J-" and v{z) G S are still local |[K2| , |K4|| . Letting 

aw = ^ A(")a(„)f , 
nez+ 



one endows £ with the structure of a conformal ^-module |[K2| , . 

Conversely, given a conformal A-module M, one associates to it the 
maximal conformal (Lie A, A) -module {V{M),M) in a way similar to 
the one the Lie algebra Lie A has been constructed. We let V{M) = 
M[t,t-^]/{d + dt)M[t,t-^, with the well-defined LieA-action 



(1-9) amVn = X] ( ■ ) , 

where, as before, Vn stands for the image of ft" in V{M) ||K2|| . As 
before, we denote by V{M)_ the C-span of the f„, where v G M, 
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n e Z+. It is clear from (|L9D that V{M)_ is a (Lie A)"- and a (Lie 
submodule of V{M). 

The following obvious observation plays a key role in representation 
theory of conformal algebras [|CK|| . 

Proposition 1.1. A module M over a conformal algebra A carries 
the natural structure of a module over the extended annihilation Lie 
algebra {LieA)~ . This correspondence establishes an equivalence of the 
category of A-modules and that of {Lie A)^ -modules. The A-module M 
is conformal, iff as a {Lie A)^ -module it satisfies the condition 

(1.10) a„f = for a e A, v E V, n > . 

Remark 1.1. As a (Lie A)~-module, a conformal A-module M is iso- 
morphic to the module V{M)/V{M)_. 

Remark 1.2. One can show that the map A (Lie A, A) (respec- 

tively, M I— > {V{M),M)) establishes a bijection between isomorphism 
classes of conformal algebras (respectively, of conformal modules over 
conformal algebras) and equivalence classes of formal distribution Lie 
algebras {q, J-') (respectively, of conformal modules over (Lie A, A)). By 
definition, all formal distribution Lie algebras {{Lie A) / 1 , J-") , where / 
is an ideal of Lie A having trivial intersection with A, and J-' = A are 
equivalent (and similarly for modules). 

Example 1.1. Let be a Lie algebra and let Q = Q[t, t~^] be the asso- 
ciated loop (= current) algebra (with the obvious bracket: [at"^, bt'"] = 
[a, 6]t'^+", a,b e Q,m,n eZ). For a G g let a{z) = Emezlo^"")^""'"^ ^ 
d[[z,z~% Then 

[a{z), b{w)] = [a, b]{w)6{z — w) , 

hence the family = {a(z)|a G g} consists of pairwise local formal 
distributions and (g, JF) is a formal distribution Lie algebra. Note that 

T = C[d]J' ~ C[d] ® g 

is a conformal algebra with the A-bracket 

[axb] = [a,b], a,be g. 

This conformal algebra is called the current conformal algebra as- 
sociated to g and is denoted by Curg. Note that Lie(Curg,jF) ~ g, 
hence g is the maximal formal distribution algebra. The corresponding 
annihilation algebra is g_ = g[t] and the extended annihilation algebra 

is Cdt + Q[t]. 
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Given a g-module f/, one may associate the conformal g-module 
U = U[t,t'^] with the obvious action of g, and the conformal Curg- 
module Mu = C[d] ® U defined by 

axu = au , a G g , u G U . 

We have: V{Mu) ~ f/ as g-modules. 

It is known that, provided that g is finite-dimensional semisimple, 
the Curg-modules Mu, where f/ is a finite-dimensional irreducible g- 



module, exhaust all finite irreducible non-trivial Cur g-modules ||CK 



Example 1.2. Let VectC^ denote the Lie algebra of all regular vector 
fields on C^. The vector fields t^'dt {n G Z) form a basis of VectC^ 
and the formal distribution L{z) = — X]nez(^"^*)^~"~"'^ is local (with 
respect to itself), since 

[L{z), L{w)] = d^L{w)S{z -w) + 2L{w)8'^{z - w) . 

Hence (Vect C^, {L}) is a formal distribution Lie algebra. The associ- 
ated conformal algebra 

Vir = C[a]L, [LxL\ = {d + 2\)L 

is called the Virasoro conformal algebra. 

Note that Lie(Vir,{L}) ^ VectC^, hence VectC^ is the maximal 
formal distribution algebra. The corresponding annihilation algebra 
(VectC^)_ = VectC, the Lie algebra of regular vector fields on C, 
and {VectC^)~ is isomorphic to the direct sum of (VectC^)_ and the 
1-dimensional Lie algebra. 

It is known that all free non-trivial Vir-modules of rank 1 over <C[d] 
are the following ones (A, a G C): 

MA,a = C[(9]w, Lxv = {d + a + AX)v. 

We have: V{M^^^) ~ C[t,t-^]e-''\dty-^ as Vect C-modules. The 
module Ma,q is irreducible, iff A 7^ 0. The module Mq^q, contains a 
unique non-trivial submodule {d + a)MQ^a isomorphic to Mi q,. It is 
known that the modules Ma,^ with A 7^ exhaust all finite irreducible 



non-trivial Vir-modules ||CK|] 



It is known |PK]| that the conformal algebras Curg, where g is a 



finite-dimensional simple Lie algebra, and Vir exhaust all finite simple 
conformal algebras. For that reason we shall discuss mainly these two 
examples in what follows. 



10 b. bakalov, v. g. kac, and a. a. voronov 

2. Basic definitions 

Definition 2.1. An n-cochain {n G Z^.) of a conformal algebra A with 
coefficients in a module M over it is a C-linear map 

7: A«"-^M[Ai,...,AJ 

ai ® ■ • • ® a„ t-^ 7Ai,...,A„(ai, • • • 

where M[Ai, . . . , A„] denotes the space of polynomials with coefficients 
in M, satisfying the following conditions: 

Conformal antilinearity: 7ai,...,a„('3i, • • • , <9aj, . . . , a„) 

= -Aj7Ai,..,A„ (ai, . . . , ttj, . . . , a„) for all z; 
Skew-symmetry: 7 is skew-symmetric with respect to simultane- 
ous permutations of a^'s and Aj's. 
We let = C, as usually, so that a 0-cochain 7 is an element of M. 
Sometimes, when the module M is not conformal, one may consider 
formal power series instead of polynomials in this definition. 

We define a differential of a cochain 7 as follows: 
(c?7)Ai,...,A„+i(ai, . . . ,0^+1) 

n+1 

= I](-l)'^'«iA.7Ai,...,A.,...,A„+i(«l' ■■-.ai,..., On+l) 
i=l 
n+1 

+ I](-l)'^'7A,+A„Ai,...,A„...,A„...,A„+i(NA,ai], Oi , . . . , a^, . . . , % , 

ij=l 
i<j 

• • • ; O-n+l)-, 

where 7 is extended linearly over the polynomials in Aj. In particular, 
if 7 G M is a 0-cochain, then {d'-))x{a) = a\'y. 

Remark 2.1. Conformal antilinearity implies the following relation for 
an n-cochain 7: 

7A+M,Ai,...([aA&], fli, • • • ) = lx+tM,Xi,...{[a-d-fib],ai, ■■■)■ 

Lemma 2.1. 1. The operator d preserves the space of cochains; 
2. d^ = 0. 

Proof. 1. The only non-trivial point in checking the skew-symmetry of 
dj amounts to the equation 

7A+^»,Ai,...,A„_i([aA&],ai, • • • ,a„_i) = -7a+m,Ai,...,a„_i Oi, • • • ,an-i), 
which follows from Remark |2.1| and the skew-symmetry of [axb]. 
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2. To check that (P — 0, we will compute (P^ for an n-cochain 7. 



(c?^7)ai,...,A„+2(«1, • • • ,«n+2) 



n+2 



i=l 

n+2 



+ (-l)'^'(c^7)A,+A,,Ai,...,A,,,,...,A„+2([«iAi«i], «1, • • • , • • • , «n+2) 



i<j 
n+2 



J](-l)^+^ sign0-,0au,(%A,7Ai,...A,,,...,A„+2(«i' ■ ■ ■ ■ ■ ■ '«n+2)) 



n+2 



+ ^ (_i)^+.+^H-i sign{i, k, i}aa,7A,+A„A„...,A,,.„...,A„+.(K-A,«fc]' 



i,j,k=l 



n+2 



Ol, ■ ■ ■ , ai,j,fe, ■ ■ ■ , On+2) 



+ Yl (-l)'^'^'«ign{^'^'.?'}«feA,7A,+A,,Ai,...,A,,,,,...,A„+.([«^A,% 
i,i,fe=l 



Ql) ■ ■ ■ ) (^i,j,kj ■ ■ ■ 1 Qn+2) 



n+2 



+ J2 (-l)'^'[«iA,%]A,+A,7Ai,...,A,,,,...,A„+2(«l' ■ ■ ■ ' ■ ■ ■ ' «n+2) 



i<j 



n+2 



+ {-ly^'^'''' sign{t, j,k,l} 



distinct i,j,k,l=l 
i<j,k<l 



^ 7Afc+A(,Ai+A,-,Ai,...,Ai,,-fc.,,...,A„+2(["fcAfc«/], kAi«i], «1, • • • , «i,j,fc,/' • • • ' «n+2) 

n+2 



i<j,kyti,j 



7A,+A,+Afc,Ai,...,Ai,,-fc,...,A„+2([["'Aiaj]Ai+A,afc], «!, • • • , Oij.fc, • • • , an+2), 



X 

■ ■■ ■ 



where sign{ii, ... ,ip} is the sign of the permutation putting the indices 
in the increasing order and Oij,... means that omitted. No- 

tice that each term in the summation over i,j,k,l is skew with respect 
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f i i k l\ 

to the permutation ( ^ ^ ^ jj- Therefore, the terms of that sum- 
mation will cancel pairwise. The first and the forth summations cancel 
each other, because M is a conformal algebra module: 

The second summation becomes equal to the third one after the sub- 
stitution {ikj), except that they differ by a sign. Thus, they cancel 
each other, as well. Finally, the sixth summation can be rewritten as 
a summation over i < j < k oi the sum of three permutations of the 
initial summand. Precisely, in the first entry of 7, we will have 

(2.1) [[aixUj\x^+x,ak] - [[aiA,afc]A,+A,%] + [[aj^ak]x^+xM- 
Using Remark we can transform the sum ( |2.1D inside 7 into 

[[0'i\fij\\^+\jO'k\ - [[a'i\fik\~d~~\,a'j\ + [K-A/d-S-A^ai]' 

which vanishes by the Jacobi identity and skew-symmetry in A. Thus, 
we see that all of the terms in d?'-) cancel. □ 

Thus the cochains of a conformal algebra A with coefficients in a 
module M form a complex, which will be denoted 

C' = C'{A, M) = M). 

This complex is called the basic complex for the A-module M. This 
is not yet the complex defining the right cohomology of a conformal 
algebra: we need to consider a certain quotient complex. 

Define the structure of a (left) C[9]-module on C*{A, M) by letting 

n 

(2.2) {d ■ 7)Ai,...,A„(ai, . . . , a„) = {Sm + ^ ^?jl\^,...,xMi^ «n), 

i=l 

where Dm denotes the action of d on M. 

Lemma 2.2. dd = dd, and therefore the graded subspace dC C C* 
forms a subcomplex. 

Proof. The first summation in the differential transforms the factor 
+ ^"=1 + ^'i=i ^i, because of the conformal sesquilin- 

earity of the A-bracket. The second summation does the same for more 
obvious reasons. □ 

Define the quotient complex 

C'{A,M) =C'{A,M)/dC'{A,M) = C"(A,M), 
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called the reduced complex. 

Definition 2.2. The basic cohomology H {A, M) of a conformal alge- 
bra A with coefficients in a module M is the cohomology of the basic 
complex C . The {reduced) cohomology H*(y4,M) is the cohomology 
of the reduced complex C = C'{A, M) = C'/dC\ 

Remark 2.2. The basic cohomology H (A, M) is naturally a C[9]-mod- 
ule, whereas the reduced cohomology H*(A, M) is a complex vector 
space. 

Remark 2.3. The exact sequence dC ^ C* ^ C" ^ gives the 
long exact sequence of cohomology: 

(2.3) ^ H°(a(5') ^ YL{A, M) H°(A, M) 

YL^{dC*) h\a, M) ^ H^A M) 
n^iydC') YL{A, M) ^ h2(A, M) ^ ■ • • 

Proposition 2.1. In degrees > 1, the complexes C* and dC* are iso- 
morphic under the map 

(2.4) C'^dC\ 7^9-7. 

Therefore, H''(9C*) ^ Y{^{A,M) for q > 1, and the natural sequence 
^ Kera[0] ^ H°(A,M) ^ YL^{dC') 0, where Ker(9[0] is the 
subcomplex Kei d of C , in fact concentrated in degree zero, is exact. 
When the module M is C[d]-free, the above isomorphisms take place in 
all degrees > 0. 

Proof. Indeed, the modules C"'{A, M), n > 1, are free over C[d], be- 
cause they are free over C[Ai]. Lemma ^.2| shows that the map ( |2.4| ) is 
a morphism of complexes. When M is C[9]-free, this argument extends 
over to n = 0. □ 

Remark 2.4. This proposition does not imply that in the long exact 
sequence (p7^), the maps R'^idC) H (A, M) induced by the embed- 
ding dC* C C are isomorphisms. 

3. Extensions and deformations 

Our cohomology theory describes extensions and deformations, just 
as any cohomology theory. 
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Theorem 3.1. 1. H {A, M) = M"^ = {m e M \ axm = Va G A}. 

2. The isomorphism classes of extensions 

0^ M ^ E ^C^O 

of the trivial A-m,odule C {d and A act by zero) by a conformal 
A-module M correspond bijectzvely to H°(yl,M). 

3. The isomorphism classes of C[d]-split extensions 

0^ M ^ E ^ N ^0 

of conformal modules over a conformal algebra A correspond bijec- 
tively to H^(A, Chom(A^, M)), where M and N are assumed to be 
finite and Chom(A'", M) is the A-module of conformal linear maps 
from N to M. If, in particular, N = C is the trivial module, then 
there exist no non-trivial C[d]-split extensions. 

4. Let C be a conformal A-module, considered as a conformal algebra 
with respect to the zero X-bracket. Then the equivalence classes of 
C[d]-split "abelian" extensions 

O^C ^ A^ A^O 

of the conformal algebra A correspond bijectively to B.^{A, C). 

5. The equivalence classes of first-order deformations of a conformal 
algebra A {leaving the C[d]-action intact) correspond bijectively to 
R\A,A). 

Proof. 1. The computation of H°(y4, M) follows directly from the defi- 
nition: for m e M = &{A, M) and a e A, {dm)x{a) = a^m. 
2. Given an extension 

0^ M ^ E ^C^O 

of modules over a conformal algebra A, pick a splitting of this short 
exact sequence over C, i.e., assume that as a complex vector space, 
E M ® C = {{m,n) \ m e M.n e C}. Define / e M by writing 
down the action of d on the pair (m, 1) e E: 

(3.1) d{m,l)^{dm + f,0). 

We claim that f e M — C^{A, M) defines a zero-cocycle in the reduced 
complex C*{A, M) and thereby a class in H°(A, M). 

To see that, define a one-cochain 7 e C^{A, M) using the action of 
A on E: 



(3.2) 



ax{m, 1) = {axm + -fx{a), 0) 
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for a & A. The conformal antilinearity of 7: '~fx{da) = ~X'~fx{a), fol- 
lows from the fact that {da)x{'m,l) = —X{ax{m,l)). The property 
ax{d{m, 1)) = (A + d){ax{'m, 1)) of the action of A on E' expands as 

(3.3) {df)x = (97)a, 

which means that df = in the reduced complex. 

If we choose another splitting (m, n)' of the extension E, it will differ 
by an element g G M: 

(m, 1)' = (m + 5(, 1), 

so that the new zero-cocycle becomes /' = f + dg, therefore defining 
the same cochain in the reduced complex. 

If we have two isomorphic extensions and choose a compatible split- 
ting over C, we will get exactly the same zero-cocycles / corresponding 
to them. This proves that isomorphism classes of extensions give rise 
to elements of H°(A,M). 

Conversely, given a cocycle in C°{A,M), we can choose a represen- 
tative / G M of it to alter the natural C[(9]-module structure on M ©C 



by adding / to the action of 9 on M©C as in ( |3.1| ). This will obviously 
extend to an action of the free commutative algebra C[d]. We can also 
alter the natural A-module structure by adding 7 to the action of a & A 
as in (p.2|), where 7 is a solution of Equation (|3.3|), which means that 
/ is a cocycle in the reduced complex. This action will be conformally 
linear in {m,n), because of ( |3.3[ ), and antilinear in A, because of the 
conformal antilinearity of 7. This action will define an A-module struc- 
ture on M © C, because d'j = 0, which follows from ( ^.31 ) and the fact 
that C[d] acts freely on basic two-cochains. 

By construction the natural mappings M — M © C and M © C ^ C 
will be morphisms of C[d]- and A-modules. 

This construction of a new conformal module structure on M © C 
involved a number of choices. The choice of a different representative 
f' = f + dg defines an isomorphism of the two C[9]-module struc- 
tures on M © C, which automatically becomes an isomorphism of the 
corresponding A-module structures, because the corresponding 7's are 
unique. The one-cochain 7 is uniquely determined by /, because C[d] 
acts freely on the space {A, M) of basic one-cochains. 

3. We will adjust the proof of Part 2 to the new situation. Given a 
C[5]-split extension 

of modules over a conformal algebra A, pick a splitting of the short 
exact sequence over C[9], i.e., assume that as a C[c}]-module, E ~ 
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M (B N = {{m,n) \ m G M,n G A^}. We are going to construct a 
reduced one-cochain with coefficients in Chom(A^, M) out of this data. 
Note that such cochains are hnear maps 7 = 7a (o)/^ from N to M 
depending on two variables A and /i, considered modulo A — /i. Note 
that 7A(a)^ mod (A — /i) is fully determined by the restriction 'yx{a)x 
to the diagonal X = fi. Define a one-cochain 7 G C^{A, Chom(A^, M)) 
using the action of A on i?: 

(3.4) ax{m, n) = {a^m + 7A(a)A^, ^An) 

for a G A. The conformal antilinearity of 7: 7A(<9a)A = — A7A(a)A, 
follows from the fact that {da)x{m,n) = —X{ax{m,n)). The property 
ax{d{m, n)) = {X + d){ax{m, n)) of the action of A on ii^ expands as 

(3.5) (97)a = 0, 

which means that '~fx{0')\ is a conformal linear map — >■ M. Finally, 
the module property ( p..5|) for elements in E implies that = 0. 

If we choose another C[(9]-splitting (m, n)' of the extension E, it will 
differ by an element P G Homc[a](A^, M): 

(m, n)' = (m + P{n),n). 

Homc[a](A^, M) may be identified with the degree- zero part of 
Chom(A^, M), so that the new one-cocycle becomes 7' = 7 + dp, there- 
fore defining the same cohomology class. 

If we have two isomorphic extensions and choose a compatible split- 
ting over C[d], we will have exactly the same one-cocycles 7 corre- 
sponding to them. This proves that isomorphism classes of extensions 
give rise to elements of H^(y4, Chom(A^, M)). 

Conversely, given a cohomology class in H^(A, Chom(A^, M)), we can 
choose a representative 7 G C^{A, Chom(A^, M)) of it to alter the nat- 
ural A-module structure on M © by adding 7 to the action of A on 
M © iV as in ( p. 41) . This action will be conformally linear in {m,n), 
because of (|3.5| ), and antilinear in A, because of the conformal antilin- 
earity of 7. This action will define an A-module structure on M(BN, be- 
cause d'j = after the restriction to fi = A1+A2 in C'^{A, Chom(A^, M)). 

By construction the natural mappings M — > M(BN and M(BN — > 
will be morphisms of C[d]- and A-modules. 

This construction of a new conformal module structure on M © A^ 
is independent on the choice of a different representative 7' = 7 + d(3, 
because it defines an isomorphic structure of an A-module on M © A^. 

Finally, if A^ = C, then Chom(C, M) = 0, and therefore, there are 
no split extensions. 
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4. Given a C[5]-split extension of a conformal algebra A by a module 
C, choose a splitting A — C®A thereof. Then the bracket in A 

[(0, a)x{0, b)] = {cx{a, b), a\b) for a,b e A 

defines a scsquilinear map c: A ® A — >■ C[X], which we may combine 
with the natural mapping 

C[A]^C[Ai,A2]/(a + Ai + A2), 
p{X) ^p(Ai), 

to get the composite mapping, denoted cai,a2- It defines a two-cochain, 
because it is obviously skew and {c\{da, b), —\a\b) = [(0, da)\{Q, b)] — 
[9(0, a)A(0, 6)] = — A[(0, a)A(0, 6)] = (— AcA(a, 6), — Aoa^), which implies 
c\^,\^{da,h) = -AiCAi,A2(a, &), and similarly, cx^^x-M.db) = -\2Cxi,x^{a, 
b) mod (9 + Ai + A2). In fact, this two-cochain c is a cocycle: 

dc = aAiCA2,A3(^, c) - &A2CAi,A3(«, c) + CA3CAi,A2(a, b) 

- CAi+A2,A3(«Ai^', c) + CAi+A3,A2(aAiC, b) - Ca2+A3,Ai(^'A2C, a) = 0. 

This is just because the corresponding three-term relation, the Jacobi 
relation, is satisfied in A. 

The construction of c assumed the choice of a splitting A = C ® A. 
A different splitting would differ by a mapping f : A ^ C, which can 
be thought of as / : A — > C[X\/{d + A), which would contribute by df 
to c. 

Thus, any extension determines a cohomology class in H^(A, C). The 
above arguments can be traced back to show that a class in the coho- 
mology group defines an extension. 

5. Let D — C[e]/(e^) be the algebra of dual numbers. Then a 
first-order deformation of a conformal algebra A is the structure of 
a conformal algebra over D on A ^ D, so that the map A ^ D A, 
a ®p(e) ^ p(0) • a, is a morphism of conformal algebras and the action 
of 9 on A (8) D is induced from that on the first factor. This means 
classes of first-order deformations are in bijection with classes of C[d]- 
split abelian extensions of A with the A-module A in the sense of Part 
2 of this theorem. Therefore, they are classified by }i^(A,A). □ 

4. Homology 

Dualizing the cohomology theory we have defined above, the space 
Cn{A, M) of n-chains of a conformal algebra A with coefficients in a 
conformal module M over it is defined as the quotient of 

A®"(8)Hom(C[Ai,...,A„],M), 
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where Hom(C[Ai, . . . , A„], M) is the space of C-hnear maps from the 
space of polynomials to the module M, by the following relations: 

1. Oi ® ■ ■ ■ (g) dtti ® • • • ® a„ = — ai (8) • • • (8) (8) • • • (8) a„ (8) Tj0, 
where (T,0)(/) = 0(A,/); 

2. oi (8) • • • (8) flj (8) ■ ■ ■ (8) (8) ■ ■ ■ (8) fln (g) = — oi (8) ■ ■ ■ (8) (8) ■ ■ • ® 
Oi (8) • • • (8) On (8) r*-0, where (r*-0)(/(Ai, . . . , A^, . . . , Aj, . . . , An)) = 
(Pifi^i, ■ ■ ■ , Aj, . . . , Aj, . . . , A„)). 

One can also define a differential which takes n-chains to (n — l)-chains 
as follows: 

5(ai 8) • • • 8) On 8) 0) 

n 

= ^{-iy^^Pi{ai (8) • • • (8) (8) • • • (8) a„ (8) aix^(f)) 

i=l 

n 

+ ^ {-iy^^Pij{[aiXiaj] (8) ai (8) ■ ■ ■ ® (8) • • • 8) % 8) • • • ® On (8) 0), 

where is the natural pairing map C[Aj] 8) Hom(C[Ai, . . . , A„], M) — >■ 
Hom(C[Ai, . . . , Aj, . . . , An], M) and is the pairing C[Ai] (8)Hom(C[Ai, 
. . . , A„], M) ^ Hom(C[Ai + A^, Ai, . . . , A^, . . . , A^, . . . , A„], M). Similar 
computations to those in the cochain case show that the operator 6 is 
well-defined and 5'^ — 0. _ 

One can define basic homology H,(A, M) as the homology of the 
chain complex and reduced homology as the homology of the subcom- 
plex C,{A, M) of (^-invariant chains, where d acts as 

n 

d{ai ® ■ ■ ■ ®an®(j)) = ai (8) ■ ■ ■ ® a„ (8) (50 - ^ Tj0), 

where (c?0)(/) = 9(0(/)), / G C[Ai, . . . A^]. There are obviously natu- 
ral pairings YLq{A, M*)®YL\A, M) ^ C and Hg(^, M*) ®H«(A, M) 
C for > 0, where M* — Homc(M, C) is the linear dual space with a 
natural structure of an 74-module: 

{df){m) = -f{dm), 
{axf){m) = -f{axm) 

for / G M*, m G M, and a G A. One expects these pairings to be 
perfect, when, for instance, either of the (co)homology spaces is finite- 
dimensional. 
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5. Exterior multiplication, contraction, and module 

structure 

For any u e C'^{A,C), where C is the one-dimensional space with 
the zero action of A, let e{u) be the operator of exterior multiplication 
on C'{A,M): 

(e(M)7)Ai,...,A^+„(ai,---,am+n) 
signTT 

III. lb. 

^ 7A„(^+i),...,A„(^+„) (07r(m+l), • • • ,a^(m+n))- 

Define also a wedge product m A 7 = 6(^)7 on C*(A, C). It is clear 
that e{u Av) = e{u)e{v) for any u,v ^ V, therefore, we have a graded 
commutative associative algebra structure on C*{A,C), along with a 
C'{A, C)-module structure on C'{A, M). 

Similarly, for any chain v — ai®---®an®(f) & C'„(74, C), let i{v) 
be the following contraction operator C'^{A,M) M), for 

m >n: 

(i(^^)7)A„+i,...,A^(an+l, . . . , Om) = P(0 ® 7Ai,...,A™(ai, ■ ■ ■ , Om)), 

where p is the natural pairing C[Ai, . . . , AJ* ® C[Ai, . . . , Am] — ^ C[A„+i, 
. . . , A^]. Note that for any u e C'^{A, C) and v e ^1(71, C), 

e(M)t(t;) + L{v)e{u) = i{v)u. 

Furthermore for any a G A, define the following structure of a module 
over the conformal algebra A on C'{A, M): 

(^A(a)7)Ai,...,A„(ai,...,a„) 

n 

= aA7Ai,...,A„(ai, ■ ■ ■ , On) - X] 7Ai,...,A+Ai,...,A„(ai, ■ ■ ■ , [oAOi], ■ ■ ■ , On)- 

i=l 

Define Lx{a) in a similar fashion: 

(tA(a)7)Ai,...,A„_i(ai, ■ ■ ■ , On-l) = 7A,Ai,...,A„_i(a, ai, . . . , On-l)- 

Note that every a e A defines naturally a one-chain a®7Ao G C'i(A, C) 
depending on a parameter Aq, where 7ao(/('^)) — fi^o)- Then we have 
Lx{a) = t(a (8) 7a). The fundamental identity 

dix + ixd = Ox 
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of classical Lie theory is also valid in the context of conformal algebras. 
It also implies d9\ = 6\d. As in the Lie algebra case, the induced action 



of A on H {A, M) is trivial, cf. Remark 



6. COHOMOLOGY OF CONFORMAL ALGEBRAS AND THEIR 
ANNIHILATION LlE ALGEBRAS 

6.1. Cohomology of the basic complex. Let A be a conformal 
algebra and M a conformal module over it. Then M is a module 
over the annihilation Lie algebra 0_ = (Liey4)_, see Section |l|. Let 
C*(g_,M) be the Chevalley-Eilenberg complex defining the cohomol- 
ogy of g_ with coefficients in M. Recall that, by definition (see, 
e.g., 0), C"'(g_,M) is the space of skew-symmetric linear functionals 
7: [q-)'^^ — > M which are continuous, i.e., 

7(aimi ® ■ ■ ■ ® anmn) = 

for all but a finite number of mi, . . . , m„ G Z+, where ai, . . . , On G A, 
and aim- G 0_ = (Lie A). = A[t]/(5 -|- 9f)y4[t] is the image of the 
element ait"^' . 

C*{q-,M) has the following structure of a C[(9]-module: 
(6.1) ((97)(ai(g)---®a„) 

n 

= 9(7(01 ® ■ • ■ (g) a„)) - ^ 7(ai (g) ■ • • (g) (9aj (g) ■ ■ ■ (g) a„), 

1=1 

7GC'^(fl_,M). 

Theorem 6.1. There is a canonical isomorphism of com- 
plexes C*{A,M) and C*(g_,M), compatible with the action 
of C[d]. Consequently, the complex C*{A,M) is isomorphic to 
C"(0_,M)/aC"(0_,M). 

Proof. For a cochain a G C"(A, M), we write 

aAi,...,A„(ai, • • • , On) = ^ Ai""^^ ■ ■ ■ A^™"''a(mi,...,m„)(«i, • • • , a„). 

mi,...,m„£Z-|_ 

In terms of the linear maps 

a(™„...,m„): A^"^M, 

ai (g ■ ■ ■ (g a„ tt(mi,..,m„)(ai, • • • , ^n), 

the definition of C*{A,M) translates as follows. 
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1. For any ai, . . . , a„ G A, a (mi,..., mn) {0.1, ■ ■ ■ , Cin) is non-zero for only 
a finite number of (mi, . . . , m„). 

2- Oi(mi,...,mi,...,m„)(^(^l: • • • ; dcii, • • • , Cln) 

mjO(m,i ,...,mi — l,...,m„) ('^1 ; • • • 5 • • • 5 '^n)- 

3. a is skew-symmetric with respect to simultaneous permutations 
of ttj's and mj's. 

The differential is given by: 

(C?7)(mi,...,m„+i)(ai, . . . , ttn+l) 
n+1 

^ ^ ( 1) '^i(mi)T(mi,.--,miv>"in+l) l*^! ; • • • ; '^i; • • • ; '^n+l) 
i=l 

+ i ^ j7(mi+mj-fc,mi,...,mi,...,mj,...,m„+i)('^i(/c)'3-j, fll, 

jj=l k=0 ^ ^ 

. . . , Clj, . . . , Clj, . . . , Cljj_j_i). 

Define linear maps 0" : (7" (A, M) ^ C"(0_, M) by the formula 

(0'^a)(ai„^ ® ■ ■ ■ ® a„^„) = a(mi,...,m„)(ai, . . . ,a„). 

They are well-defined due to above condition 2. Clearly, 0" are bijective 
and, using (pT3|), it is easy to see that 0""''"^ o d = d o 0". Moreover, 
0« o 5 = 9 o 0^^, where d acts on M) via Q and on C"(g„, M) 

via (|0). □ 



Corollary 6.1. H (A, M) ^ H'(0_,M). 

Remark 6.1. Similar results hold for homology. To a chain ai® ■ ■ ■ ® 
an® (p & Cn{A, M) {ai G A, G Hom(C[Ai, . . . , A„], M)) we associate 
the chain 

(0, aiAi ® ■ ■ ■ ® «nA„) e ^^(g-, M). 
In other words, fli ® ■ ■ ■ ® a„ ® (5^™^^ ■ ■ ■ 9|1^"''|ai=-- =a„=o) corresponds 

to aimi ® ■ ■ ■ ® «nm„- 

Remark 6.2. One can easily see that the exterior multiplication, con- 
traction, module structure, etc., of Section]^ are equivalent to the cor- 
responding notions for the annihilation Lie algebra 0_. For example, if 
9{am} denotes the action of a^ G 0- on C*(0_, M) ~ C'{A, M), then 



.n-1 



22 B. BAKALOV, V. G. KAC, AND A. A. VORONOV 

In particular, the action of A on H {A, M) is trivial. 

6.2. Cohomology of the reduced complex. Now we assume that 
M is a free C[9]-module: M = C[d] ®c U for some vector space U. 
Then the fl_ -module = V{M)_ is just U[t] with 

for M G t/, a G A, see Section |I|. In terms of the usual generating series 
a\ = ^^>o A*^™^am, this can be rewritten as 

ax{ur) = (axu) tV\ 

Theorem 6.2. If A is a conformal algebra and M a conformal mod- 
ule which is free as a C[d]-module, then the complex C*{A,M) is 
isomorphic to the subcomplex C'{q_,V_)^ of d-invariant cochains in 



Proof. Let (3 G C"(g_, V^). As in the proof of Theorem |6.1| , consider 
the generating series 

(6.2) /3Ai,...,A„;t(ai, • • • ,a„) 

mi,...,m„GZ+ 

By Equation ( |6.1|) , d acts on /3Ai,...,A„;t as —dt + ^Aj. Hence j3 is 
(9-invariant, iff 

(6.3) /3Ai,...,A„;t(ai, . . . ,a„) = 7Ai,...,A„(ai, • • • , ««) e*^^" 

where 7ai,...,a„ = Pxi,...,Xn;t\t=o takes values in U. Identifying U with 
1 eg) f/ C M, we can consider 7 as an element of C^{A, M). It is easy to 
check that /5 1— > 7 := 7 mod (5+^ Aj) is a chain map from C*(0_, VJ) 
to C'{A,M). 

Conversely, for 7 G C"(y4, M) choose a representative 7 G (^"(A, M) 
such that 7 = 7 mod {d + Y.^i)- Define /3 G C"(0_, l/.)^ by dJ, p]) 
with 9 substituted by —dt in 7Ai,...,A„(ai, • • • , ^n) G Af = U[d]. Then 
clearly, /5 is independent of the choice of 7. 

The correspondence /3 ^ 7 establishes an isomorphism between 
C"(0_, 1/_)^ and C"(A, M). □ 

Remark Q.?,. Identifying C'{A,M) with C"(0_, M)/(9C"(0_, M), we 
can rewrite (16.31) as 



/3(aimi ® ■ ■ ■ ® 
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6.3. Cohomology of conformal algebras and formal distribu- 
tion Lie algebras. Let q be the maximal formal distribution Lie al- 
gebra corresponding to a conformal algebra A (see Section p. Suppose 
7 G C^{A, M). The following formula defines an n-cochain 7 on the 
Lie algebra q: 

l{aih{t),...,anfn{t)) 

= ReSAi,...,A„ 79i,...,9n(«l, • • • , «n)(5(Al-A2) • • • 5(Ai- A„)/i (Ai) . . . /n(A„), 

where G A, /j G C[t], 9, = d/dXi, and when substituting 9 into 
a polynomial, one has to use the divided powers (9'-^^ = d^/k\. This 
formula is equivalent to the one from Remark ^]^, where rrii 's are now 
allowed to take negative values. This correspondence defines a mor- 
phism of complexes and, therefore, cohomology. 

7. Cohomology of the Virasoro conformal algebra 

The conformal algebra with one free generator L as a C[(9]-module 
and A-bracket 



7.1. Cohomology of Vir with trivial coeflScients. Here we will 
compute the cohomology of Vir with trivial coefficients C, where both 
d and L act by zero. 

Theorem 7.1. For the Virasoro conformal algebra Vir, 



Proof. Let us first identify the cohomology complex. An n-cochain 7 
in this case is determined by its value on L*^": 



[LxL] = {d + 2\)L 
is called the Virasoro conformal algebra Vir, cf. Example |1.2| . 




and 




P(Ai,...,A„) =7ai,...,a„(A---,^)- 
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Obviously, P(Ai, . . . , A„) is a skew-symmetric polynomial with values 
in C The differential is then determined by the following formula: 



(rfP)(Ai,...,A„+i) 

n+l 

(— l)*~''-'(Aj — Xj)P{Xi + Aj, Ai, . . . , Aj, . . . , Xj, . . . , A„+i). 



i<j 

This describes the complex C*. The complex C* producing the coho- 
mology of Vir is nothing but the quotient of C by the ideal spanned 
by Yl^^i Xi in each degree n. In other words, C" is the space of regular 
(polynomial) functions on the hyperplane Yl^=i Aj = in C" which 
are skew in the variables Ai,...,A„. This complex appeared as an 
intermediate step in Gelfand-Fuchs's 1968 computation ||GF1|| of the 



cohomology of the Virasoro Lie algebra, and the cohomology of C* was 
computed therein. 

Consider the following homotopy operator C"^ C"'"^ 

dP 

fc(P)= (--" 



' dX, 

A straightforward computation shows that {dk + kd)P = (deg P — q)P 
for P G C"', where deg P is the total degree of P in Ai, . . . , Ag. Thus, 
only those homogeneous cochains whose degree as a polynomial is equal 
to their degree as a cochain contribute to the cohomology of C* . These 
polynomials must be skew and therefore divisible by = Y\i^j{,Xi—Xj), 
whose polynomial degree is q{q — l)/2. The quadratic inequahty q{q — 
l)/2 < q has g = 0, 1, 2, and 3 as the only integral solutions. For 
g = 0, the whole (7° = C contributes to H°(C*). For g = 1, the only 
polynomial of degree 1 is Ai, up to a constant factor. dXi = X\ — X\, 
which is the only skew polynomial of degree 2 in two variables. This 

~1 ~2 

shows that H = H =0. Finally, for g = 3, the only skew polynomial 
of degree 3 in 3 variables is A3, up to a constant. It is easy to see 
that this polynomial represents a non-trivial class in the cohomology. 
Indeed, it is closed, because a skew-symmetric function in four variables 
has a degree at least 6, which is greater than deg{dK^) = 4. And A3 is 
not a coboundary, because it can be the coboundary of a two-cochain 
of degree 2, which must be a constant factor of A2 — A^ = dXi, whose 
coboundary is zero. 

The computation of the cohomology of the quotient complex C* is 
based on the short exact sequence 

(7.1) O^dC' ^C* ^ 0. 
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By definition, dC^ = 0. To find the cohomology of dC, define a 
homotopy ki : dC dC^^^ as ki{dP) = dk{P), where d = J2i'^i 
P E C. Then {dki + kid)dP = (degP — q)dP. As in the previous 
paragraph, this imphes that degP = g = 0, 1, 2, or 3. Up to constant 
factors, the only polynomials in dC with this property are Pi = for 
g = 1, P2 = (Ai + A2)(A2 - XI) for g = 2, and P3 = (Ai + A2 + A3)A3 for 
q = 3. One computes: dPi = — P2 and dP^ = 0. Therefore H'^(9C*) = 
for all q but q = 3, where it is one- dimensional with the generator 

^3- 



Thus, the long exact sequence of cohomology associated with ( [LI 
looks as follows: 











CPs 








CA3 





H°(Vir,C 
H^(Vir,C 
H2(Vir,C 
H^(Vir,C 
H^(Vir,C 



We see that H°(Vir, C) = C and H''(Vir, C) = for g = 1, 4, 5, 6, . . . 
and H3(Vir,C) = CA3 and H2(Vir,C) = C(A? - A^), because d(Af - 
XI) = P3. □ 

Remark 7.1. In fact, this computation shows that the cohomology of 
the Virasoro conformal algebra is the primitive part of the cohomology 
ring of the Virasoro Lie algebra, in addition to C in degree 0. The 
reduction of the basic cohomology to the computation of Gelfand and 
Fuchs | |Gi:''l[ might be made using Corollary |6.1| , but we preferred to 
use a direct argument in the proof. 

Remark 7.2. Instead of the trivial Vir-module C, consider the module 
Ca, which is the one-dimensional vector space C on which all elements 
of Vir act by zero, and dv = av for v G Ca, a ^ being a given com- 
plex constant. Then Proposition shows that }l'^{dC') ~ H (Vir, Cq) 
for q > 0, and the long exact sequence ( |2.3| ) combined with the com- 
putation of H (Vir, Ca) , which is obviously isomorphic to H (Vir, C) , 
provided by Theorem |7.1j , shows that H''(Vir, Ca) = for all q. 

7.2. Cohomology of Vir with coefficients in M^^a- Recall (Exam- 
ple pr2D that Ma.o (A, a G C) is the following Vir-module 

MA,a = C[d]v , Lxv = {d + a + AX)v . 
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As in the previous subsection, we identify the space of n-cochains 
C"(Vir, Ma,o) with the space of all C-valued skew-symmetric poly- 
nomials in n variables: for any 7 G C"(Vir, Ma,o), there is a unique 
polynomial P(Ai, . . . , A„) such that 

7ai,...,a„(^, ■■■,L) = P(Ai, . . . , \n)v mod (9 + Ai H h A„). 

Then the differential is given by the formula 

(rfP)(Ai,...,A„+i) = 

n+1 n+1 

1=1 j=i 

n+1 

+ ^ (-1)^+^(A, - A,)P(A, + A,, Ai, . . . , A„ . . . , A,, . . . , A„+i). 

ij=l 
i<j 

Now we interpret this in terms of the Lie algebra VectC of regular vector 
fields on C, which is the annihilation algebra of Vir, see Section 0. To 
7 G C"(Vir, MA,a) we associate a linear map /? : /\" VectC — C by the 
formula 

^ aS™^) ■ ■ ■ A(r")/3(L(„,) A ■ ■ ■ A = P(Ai, . . . , A.), 

mi,...,mn,eZ+ 

where = —f^dt- 
Then the differential is 

(ci/3)(L(„,) A--- AL 

n+1 

= ("-^"..o + (A - A ■ ■ ■ A L^) A ■ ■ ■ 

i=l 

■■■ ^ -^(mn+i)) 

n+1 

+ - '5m„0)(l - 5^,,o)/3([i^(™.),i:K)],i:(„^0 A ■ ■ • 

■ ■ ■ A L(m^) A ■ ■ ■ A L(mj) A ... A • 

Let VectoC be the subalgebra of VectC of vector fields that vanish 
at the origin. It is spanned by the elements L(m) = —t"^dt, m > 1. 
Let [/a be a 1-dimensional VectoC-module on which L(m) acts as for 
m > 2 and acts multiplication by A. 

Theorem 7.2. 1. H'(Vir,MA,a) = tfa^O. 
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2. H'^(Vir, Ma,o) ^ H'?(VectoC, Ua-i) © H'^"^(VectoC, f/A_i) /or any 
q {H'^ = for q < by definition) . 

3. dimH«(Vir,MA,o) = dimH'?(VectC,C[t,t-i](t^t)i~^). Explicitly: 

{2 /or g = r + 1, 
1 /org = r,r + 2, 
otherwise, 

and W{ViT, Ma,o) = z/ A ^ 1 - (Sr^ ± r)/2 for any r G Z+. 

Proof. We have seen that the complex C"(Vir, Ma,q) is isomorphic to 
(/\* VectC)* endowed with the above non-standard differential. Let 
n: {/\'^ VectC)* —>■ (/\^VectoC)* be the restriction map. It is easy to 
see that in fact vr is a chain map from C^(Vir, Ma,o) to C^(VectoC, 
Ua-i)i where we identify J/a-i = C as a vector space. Define another 
map l: (A'"^ VectC) (A' VectoC)* by the formula 

q 

= '^{-iy^^Sm,,oP{L(mi) A ■ ■ ■ A L(m,) A ■ ■ ■ A ^^(m,))- 
i=l 

Then i is a chain map from C^~^(VectoC, U^-i) to ^(Vir, Ma,^). 
We have a short exact sequence of complexes 

^ C-^VectoC, Ua-i) ^ CiVii, Ma,^) ^ CiVectoC, Ua-i) ^ 0. 

A splitting 0: ^^(VectoC, [/a-i) ^ (A^VectoC)* is given by the for- 
mula 



(0/3)(L(^,) A--- AL(„,)^ 



A ■ • • A if all mi > 1, 

otherwise. 



One checks that if df3 = then dcpp = ai/S. 

Hence, the cohomology long exact sequence associated to the above 
short exact sequence of complexes looks as follows: 



a id 



( id 



W-\VectoC, Ua-i) ^H^(Vir, MA,a) ^ H«(VectoC, Ua-i] 



ff(VectoC,t/A_ 



This proves Parts 1 and 2. 

Part 3 follows from Part 2 and the results of Feigin and Fuchs, see 
B §2.3]. (Note that our Ua is exactly their E^a-) □ 
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8. COHOMOLOGY OF CURRENT CONFORMAL ALGEBRAS 

8.1. Cohomology with trivial coefficients. Here we will compute 
the cohomology of a current conformal algebra Cur g with trivial coef- 
ficients for a finite-dimensional semisimple Lie algebra g. Recall from 



Example LI that the current conformal algebra Cur g is C [9] C?) g with 
the A-bracket 

[axb] = [a, b] for a, 6 G g. 

The basic complex in this case becomes bigraded, the second grading 
given by the total degree in Aj, which we will call the X- degree, of 
the restriction of the cochain to the subspace g of generators of Curg. 
The differential respects the A-degree, and therefore the complex splits 
into the direct sum of its graded subcomplexes. Let C' C C* be the 
subcomplex of zero A-degree. This subcomplex is obviously isomorphic 
to the Chevalley-Eilenberg complex C*(g,C) of the Lie algebra g. 

Theorem 8.1. 1. The embedding C"(g, C) <Z C* is a quasi-isomor- 
phism, i.e., it induces an isomorphism on cohomology. Therefore, 

H (Curg,C)^H-(g,C)=. (/\'g*)'. 

2. Forq>0 

H''(Cur g, C) ~ H^(g, C) © W+\g, C). 



Proof. 1. According to Theorem |6.1| , the complexes C*(Curg, C) and 
C*(g[t],C) are isomorphic, because g[t] is the annihilation subalgebra 
of Curg, see Example Moreover, the part of A-degree zero maps 
isomorphically to the Chevalley-Eilenberg complex C*(g, C), which is 
the subcomplex of C*(g[t],C) of cochains vanishing on tg[t]. Thus, 
H (Curg,C) ^ H*(g[t],C), which is isomorphic to H'(g,C) via the 



subcomplex of cochains vanishing on tg[t] by a result of Feigin ||Fel 
[Fe2|| ; see a different proof of Feigin's result in Section |8^ , which covers 
the case of non-trivial coefficients as well. The computation of H'(g, C) 



via the invariants of the dual exterior algebra is standard, see e.g., |[Fe2| 



2. Consider the long exact sequence (|2.3|) . The mapping H'^(9C*) 
H''(C) for g > 1 is zero, because the cohomology of H'^(C) is concen- 
trated in A-degree zero (see the first statement of the Theorem) and 
the cohomology of H.'^{dC') is concentrated in A-degree one (see Propo- 
sition The same is true even for q = 0, because dC^ = and the 
degree- zero differential d: —>■ is zero. Thus ( |2.3| ) splits into the 
short exact sequences 

^ H'^(g, C) ^ W{Cm g, C) ^ H«+^(g, C) ^ 
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for each q > 0. □ 



Remark 8.1. The same argument as in Remark |7.2| shows that 
H*(Curg,Ca) = 0, where Cq is the one-dimensional Curg-module on 
which Curg acts trivially and d acts by a multiplication by a 7^ 0. 

8.2. Cohomology with coefficients in a current module. Let g 

be a finite-dimensional simple Lie algebra, and U a g-module. Recall 
(Example |1 . 1|) that the current module Mjj over Curg is defined as 
Mu = C[d]^U with 

axu = au for a G g, M G U. 

Proposition 8.1. H'(Curg, M(/) ~ H*(g[t],?7) where the Lie algebra 
g[t\ acts on the g-module U by evaluation at t = 0. 



This can be deduced from Theorem |6.2| but we will give a more direct 
argument. 

Proof. Since Mjj is free over C[d], any cochain a G C"(Curg, Mu) has 
a unique representative mod {d + \i + ■ ■ ■ + A„) independent of d. 
Explicitly, there is a unique /? : g®" ^ C[Ai, . . . , A^,] ® U such that 

ttAi,...,A„(ai, • • • ,an) 

= Pxi,...,\n{ai ® ■ ■ ■ ® On) mod (9 + Ai H h A„) 

for ai, . . . , a„ G g. Now writing 

mi,...,mnGZ+ 

we can interpret (3 as a. cochain /\" g[t] — > t/, as in the proof of Theo- 
rem 16. 11. □ 



To compute H*(g[i(:], f/), we apply the Hochschild-Serre spectral se- 
quence (see, e.g., [0, §1.5.1]) for the ideal tg[t] of g[t]. The E2 term 
is 

(8.1) - H^'(g,H'?(tg[t],f/)) ^ HP(g) ® H^(tg[t], f/)^ 

^HP(g)® (H^(tg[t])®[/)^ 

We used that [/ is a trivial tgft] -module and that H^(g, ?7) ~ H^(g)®f/s 
for any module U over a simple Lie algebra g. 

Of course, ii''{g) is well-known (cf. Theorem p.l|) , so we only need 
H''(tg[t]). The latter can be deduced from a famous result of Kostant 
(generalized to the affine Kac-Moody case). 
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First, we need some notation from |[K1|| . Fix a triangular decompo- 
sition g = n_ © f) ©n+. Let W, A, A+, A^, p, 6, be respectively the 
Weyl group, the set of roots, the set of positive roots, the set of long 
roots, the half sum of positive roots, the highest root, and the dual 
Coxeter number of q. Let g = g[t, t~^] + CK + Cd be the affine Kac- 
Moody algebra associated to q. The corresponding objects for g will 
be hatted. For example, g = n_ © f) © n+, where n± = t^^g[t^^] + ri-t, 
P) = f) + CK + Cd. Denote by 6 and Aq the elements of f)* that corre- 
spond to K and d via the isomorphism f)* ^ () given by the invariant 
bilinear form (-I-) of g, normalized by {0\6) = 2. Recall that the simple 
roots of g are ao = 6 — 9, ai = ai {1 < i < I := rankg), where ttj are 
the simple roots of g. The element p G f)* is defined by the property 
(p, Sj) = 1 (0 < z < /), i.e., p = p + H^Aq. We denote by bar the 
projection from f)* onto f)*. Also recall that W = W T, where T is 
the group of translations (7 G ZA;) such that ^^(A) = A -|- {X,K)j 
for X E I)*, {w & W acts on by wt^w~^ = For w E W we 

denote its length by i{w). Finally, if A G 1)* is a dominant weight, we 
denote by V{A) the irreducible g-module with highest weight A. 

Now we can state 

Lemma 8.1. 1. a Q-module 

mm) ^ v{qw^) 

where := {w eW\ w"^A+ C A+}. 
2. Equivalently, 

W{tg[t])^ V{w{p)-p + h^^) 

{w,'y)€WT'^,e{t^w)=q 

whereWT^ := {(^,7) G VTkZA; | (7|a) > Va G A+, (7|a) > 
Va G A+ n wA_}. 



Proof. Part 1 is a special case of Theorem 5.14 of Kostant [|Ko|| (gen- 
eralized to the affine Kac-Moody case). His Lie algebra g will be 
the affine Kac-Moody algebra g. We take the parabolic subalgebra 
u = Q[t] + CK + Cd of g, then n = tg[t], = g + CK + Cd. 

Part 2 is standard, using that W = W xT (see [^). □ 



Lemma 8.2. For any w G W , we have: 

1. p-iv{p) = EfSeA+nwA.f^- 

2. e{w) = |A+ n wA_|. 
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3. p — w{p) G Z6, iff w = 1. 



Proof. Parts 1 and 2 are exercises from |K1, Chap. 3] and left to the 
reader. ^ 

Suppose p — w{p) = nS, n eIj. Then by Part 1, nS E Z+A+. Since 
w~^{6) = 6, applying to Part 1, we get n6 G Z+A_. Hence n = 0. 
But then Parts 1 and 2 imply i{w) = 0, i.e., w = 1. □ 

It follows from Part 3 of the lemma that for any A G [)* there is 
at most one w E W such that A = w{p) — p. Define i{A) to be the 
length of this w if it exists, and +oo otherwise. Then we can restate 



Lemma |8.1j as follows: 

(8.2) mm)^ ^(A), 

AGr.^(A)='? 

where ^(A) is a finite-dimensional representation of highest weight A. 

Theorem 8.2. Let q be a finite- dimensional simple Lie algebra with a 
fixed Cartan subalgebra [). Let U be an irreducible g-module. Then 

H"(Cur0,Mf;) ~ H'^(0[t],f/) ~ H"-^*(^)(0). 

Here i*{U) = +oo whenever U is infinite- dimensional, i*{U) = £{A*) 
whenever U = V{A) is a finite- dimensional irreducible module with a 
highest weight A, A* is the highest weight of the contragredient module 
V{A)* , £{A) is as above, and we agree that H" = for n < {including 
n = —oo). 



Proof. The first isomorphism in the theorem is from Proposition 
To compute H*(g[t], ^(A)), we apply the Hochschild-Serre spectral se- 
quence for the Lie algebra Q[t], its module U, and its ideal tQ[t]. 

UU = V{A), then U* ~ ^(A*) and Equations Q ^) imply that 
the E2 term is 



W{g) for q = i{A*) < +00, 
otherwise. 



Hence the spectral sequence degenerates at E2 and H"(g[t], y(A)) ^ 
H"-'(^*)(g). 

If U is infinite-dimensional, then again by ( |8.1| , p.2| ), we have E'f'^ = 
0. □ 



Corollary 8.1. [[Fel| , |Fe2|l . H*(0[t]) ~ H*(g) where the isomorphism 



is induced from evaluation att = 0. 



Corollary 8.2. For any semisimple g-module U : 
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1. H"^(Cur g, Mf/) ~ Homg(0, [/). Explicitly, the isomorphism is giv- 
en by: 

ax{a) = Xip{a) mod (9 + A) 

foraeg,(pe Homg(0, f/). 

2. }i^{Cm g, Mu) c:^}lomg{/\^ Q/g,U), provided that g sl2- Explic- 
itly, the isomorphism is given by: 

ttAi.Aalai, 02) = A1A2 (fiai, 02) mod {d + Xi + A2) 

forai,a2 e g, (p E Homg(/\^ g/g, f/). 

Proof. It is easy to check that the above formulas indeed give cocycles. 
In fact, 2. gives a cocycle for any (f G Homg(/\^ g, ?7); however, any 



(f e Homg(/\ g,g) gives a coboundary. Next, we use Lemma ^]T| and 
the fact that H"(Cur g, Mu)^ Homg(H"(tg[t]), [/) for n = 1, 2. 

1. The only element of of length 1 is the simple reflection rs^, 
with respect to the root So- Then rsoip) — p = — Q?o = — 6. Hence 
H^(tg[t]) ^ V{6) ^ g as a g-module. 

2. All elements of of length 2 are of the form rsgrs., where i is 
such that (Sj, Sg) 7^ 0. Then ra^raXp) ~ P = ~cio — Si + (Sj, 09)00. 

When g = SI2 we get H^(tg[t]) ~ V{2ai), see the next example. 
When g = sl^+i, / > 2, there are two possibilities for i: either i = 1 or 
i = I; then E\tg[t]) ~ V{29 - ai) © V{29 - For g ^ s[,+i there is 
a unique possibility for i and H^(tg[t]) ~ 1^(26' — a^). 

In all cases, except for si2, one can check that H^(tg[t]) ^ /\^ g/g. □ 

Example 8.1. Let V{m) be the unique irreducible s[2-module of di- 
mension m+ 1. Then dimH"(Curs[2, Mv{m)) = 1 for m = 2n, 2(n — 3), 
and = otherwise. 

Let {e,f,h} be the standard basis of sl2. Then the module V{2n) 
is isomorphic to S''sl2/{h^ - 4:6 f). Note that S*sl2/{h^ - 4e/) is the 
coordinate ring of the nilpotent cone of SI2. This description of V{2n) 
allows us to give an explicit formula for the cocycles that represent 
H"(Curs[2,Mt;) for any sis-module U. Namely, H"(Cur SI2, M^;) ~ 
Hom^[2(S^5l2/(/i^ - 4e/), U) © }iom,i^{S''-^ sk/ih^ - 4e/), U). The 
cocycle a G C"{Cm 5I2, Mu) that corresponds to {ipn,fn-3) is 

ttAi,...,An(ai, ■ ■ ■ 

= n(Ai,...,A„)v5„(ai,...,a„) 

+ C3(aj, a-,-, ttfc) n(Ai, . . . , Aj, . . . , Aj, . . . , A^, . . . , A„) 

l<i<j <k<n 

V'n-3('^1; . . . , Ctj, . . . , flj, . . . , flfc, • • • ; ^n); 



COHOMOLOGY OF CONFORMAL ALGEBRAS 



33 



where n(Ai, . . . , A„) = Ai ■ • ■ A„ ni<r<s<n('^r ^ ^s) and 03(01, 03, 03) = 
(ai A 02 A a3)/(e A / A /i) is the generator of H^isk) ~ C. 

Remark 8.2. Corollary |8.2| in light of Theorem ^TT| implies the following 
explicit description of the two-cocycles cx{a, h) corresponding to abelian 
extensions 

of a current conformal algebra A = Cm g by a current module Mu. 
(See the proof of Theorem pTTl Part 4 for the notation.) 

When g 7^ s[2, abelian extensions are parameterized by elements 
(p G Homg(/\^ g/0, f/) and the corresponding cocycle is Cx{a,b) = 
X{d+ X)ip{a,b). 

When Q = SI2, abelian extensions are parameterized by elements 
e Homs[2(S2sl2/(/i^ -4ef),U) = Hom,i,(V(4), [/) and CA(a,6) = 
A(9+ A)(9 + 2A)</?(a,6). 

9. HOCHSCHILD, CYCLIC, AND LEIBNIZ COHOMOLOGY 

9.1. Hochschild cohomology. We can similarly define the notion of 
Hochschild cohomology by considering the following analogues of the 
basic and reduced complexes for an associative conformal algebra A 
and a conformal bimodule M over it, see Definition 11.41. 



Definition 9.1. A Hochschild n-cochain {n G Z+) of an associative 
conformal algebra A with coefficients in a conformal bimodule M over 
it is a C-linear operator 

7: A«"^M[Ai,...,AJ 
ai (g) ■ ■ ■ (g) a„ t-^ 7Ai,...,A„(ai, • • • ,0^), 
satisfying the following condition: 

Conformal antilinearity: 7Ai,...,A„(cfi5 • • • , doi, . . . , a„) 
= -Ai7Ai,..,A„ (ai, . . . , Oj, . . . , a„) for all i. 

The differential of a cochain 7 is defined as follows: 
(c?7)Ai,...,A„+i(ai, • • • ,a„+i) 
= «iAi7a2,...,a„+i (02, • • • , fln+i) 

n 

+ ^(-l)*7Ai,...,Ai_i,A,+Ai+i,Ai+2,...,A„+i (Ol, . . . , tti-i, ttiXitti+i, 
i=l 

aj_|_2, . . . , Cln+l) 

+ (-l)""^SAi,...,A„(ai, • • • , a„)_a_A„+ia„+i. 
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One can verify that the operator d preserves the space of cochains 
and d"^ = 0. The cochains of an associative conformal algebra A with 
coefficients in a bimodule M form a complex C* = C'{A,M), called 
the basic Hochschild complex. As in the Lie conformal algebra case, 
C*{A,M) carries the structure of a (left) C[9]-module: 



n 



(9.1) {d ■ 7)Ai,...,A„(ai, . . . , a„) = (Om + ^ K^lx,,...,\„{ai, • • • , ««)• 

i=l 

A straightforward computation shows that d commutes with d. The 
quotient complex 

C'{A,M) = C'{A,M)/dC'{A,M) 

is called the reduced Hochschild complex, and its cohomology is called 
the reduced Hochschild cohomology H'(y4, M), as opposed to the basic 
Hochschild cohomology H {A, M), which is the cohomology of the basic 
Hochschild complex C*. Low-degree Hochschild cohomology groups 

can be interpreted along the lines of Section e.g., H {A, M) = {m G 

M I axm = m^Q^xa Va G A}. 

Remark 9.1. One has obvious analogues of Theorems B]T|, and 



Proposition B.l for Hochschild cohomology. 



For a current conformal algebra Cur A, where A is a C-algebra, the 
reduced Hochschild cohomology H* (Cur A, Cur A) ~ H'(y4[t], A[t]), by 
the analogue of Proposition ^.1| . By the Hochschild-Kostant-Rosenberg 
Theorem ||HKK|| , when A is the algebra of regular functions on an afiine 



nonsingular scheme Spec A over C, the latter cohomology is isomorphic 
to the space of polyvector fields /\j^Ta ®c l\c[t] '^\^]^t on the product 
Spec A X A^, where Ta = T^ei{A,A) is the left module of vector fields 
on Spec A. 



Remark 9.2. For a commutative associative conformal algebra ||K4 



one can define the analogue of the Harrison cohomology by placing the 
symmetry condition on Hochschild cochains. This cohomology is the 
closest analogue of the one introduced in | KV | in the context of vertex 
algebras. 

9.2. Cyclic cohomology. In this section we define an analogue of 

cyclic cohomology, see [0, 0, 0, for an associative conformal algebra 

- — • 

A. Define its basic cyclic cohomology HC {A) as the cohomology of the 

• n 

complex CC , where CC , n G is the space of C- linear operators 
^.^®(n+i)^C[Ao,...,A„] 
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ao ® ■ • ■ ® a„ t-^ 7Ao,...,A„(ao, • • • 
satisfying the following conditions: 

Conformal antilinearity: 7Ao,...,A„(ctO; • • • ? <9ai, • • • , a,n) 

= — Ai7Ao,...,A„(ao, . . . , fli, . . . , a„); 
Cyclic invariance: 7Ai,...,A„,Ao(ai, • • • 

= (-l)"7Ao,...,A„(ao,---,an)- 
The differential ci of a co chain 7 is defined as follows: 

(c?7)Ao,...,A„+i(ao, • • • 

n 

= ^(-l)*7Ao,...,Ai_i,Ai+Ai+i,Ai+2,...,A„+i(ao, • • • , Oj-l, aiAiflj+l, 
i=0 

ai+2, . . . , dn+l) 



+ (~l)"^SA„+i+Ao,...,A„(an+lA„+i«0, • • • , "nj 



The reduced cyclic cohomology HC*(A) may be defined as the coho- 
mology of the quotient complex by the action of d, as in the Hochschild 
case. 

9.3. Leibniz cohomology. Nonlocal collections of formal distribu- 
tions lead to the notion of a Leibniz conformal algebra, see Section ^ 

Definition 9.2. A Leibniz conformal algebra is a C[9]-module A en- 
dowed with a A-bracket [axb] which defines a conformally sesquilinear 
map A® A A[[X]] satisfying the Jacobi identity as in Definition |1 . 1| . 



The difference from Definition 1.1 of a Lie conformal algebra is that 



the skew-symmetry axiom is omitted and formal power series in A are 
allowed. For a Leibniz conformal algebra A, the definition of a (left) 
module M over it is the same as that for Lie conformal algebras, see 



Definition |1.2| . The space C^{A,M) of n-cochains of a Leibniz algebra 
A with values in a module M is the space of C-linear operators 

7: A®"-M[[Ai,...,A„]] 
oi ® ■ ■ ■ ® a„ t-^ 7Ai,...,A„(ai, • • 
which are conformally antilinear: 

7Ai,...,A„(ai, • • ■,dai, . . . , a„) = -Ai7Ai,...,A„(ai, . . . ,0^, . . . ,a„). 
The differential c? of a cochain 7 is defined as follows: 

(c?7)Ai,...,A„+i(ai, . . . ,an+i) 
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n+l 



l](-l)'^^«iA,7Ai,...,A„...,A„+i(«l' • • • , Oi, . . . , an+l) 



1=1 



+ X] ( ^)*^Ai,...,A„...,Aj_i,A,+Aj,Aj+i,...,A„+i("l' • • • 
l<i<j<n+l 

. . . , ttj-i, [dix^cij], ttj+i, . . . , a„,+i), 

where 7 is extended linearly over the polynomials in Aj. One can verify 
that the operator d preserves the space of co chains and (P = 0. The 
n-cochains, n G of a Leibniz conformal algebra A with coefficients 
in a module M form a complex C = C*{A, M), called the basic Leibniz 
complex. 

Equation ( |9.1|) defines the structure of a left C[9]-module on 
C'{A,M), which commutes with d. The quotient complex 

C'{A,M) = C'{A,M)/dC'{A,M) 

is called the reduced Leibniz complex. Its cohomology is called the 
reduced Leibniz cohomology H*(74, M), as opposed to the basic Leibniz 

cohomology H {A,M), which is the cohomology of the basic Leibniz 
complex C. These are conformal analogues of cohomology of Leibniz 
algebras, see ||Cu| , pT| , ^ . 



10. Generalization to conformal algebras in higher 

dimensions 

The theory of conformal algebras, their representations and coho- 
mology has a straightforward generalization to the case when A is a 
vector. 

Let us fix a natural number r. We replace a single indeterminate A 
by the vector A = (Ai, . . . , A^) and d hj d = {di, . . . ,dr), and use the 
multi-index notation like A*-'^-' = A^™^'' ■ ■ ■ Ar™'''' for m G Z^, 6{z — w) = 
S{zi — Wi), etc. Then everything from Sections 1-6 and 9 holds. 

Examples of conformal algebras in r indeterminates are provided 
by r-dimensional current algebras, cf. Examples [1.1| and |11.2| . Other 



important examples are the Cartan algebras of vector fields. The struc- 
ture theory of higher dimensional conformal algebras, including a clas- 
sification of the simple ones, is currently being developed ||BDK |. 



Example 10.1. The Lie algebra Wr = DerC[ 
spanned by the coefficients of the formal distributions 



L\z) = -6{z - x)d^^ (= - E ■ ■ -^'-^-.^r 



mi — 1 Z^^^^^ 
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They are pairwise local, since 

[L\z),L^iw)] = d^XL\'^)Si^ - '^)) - dz,{V{w)6iz - w)) 

= d^X^{w)5{z ~w) + U{w)d^^5{z -w)+ L\w)d^^5{z - w). 

The corresponding conformal algebra is A = @\^i'^[d]U with A- 
brackets 

(10.1) \L\U] = diU + \U + \L\ 

Its annihilation algebra is Wr- = Der C[a;i, . . . ,Xr]- For r = 1 A is the 
Virasoro conformal algebra Vir, see Example |1.4 

By Corollary |6.1| , the co homology of Wr- with trivial coefficients is 
the same as the cohomology of the complex C*{A,C). The latter can 
be described as follows. Let V be the vector space ^l^^CU. Every 
cochain a G C"{A, C) is uniquely determined by its values on 

The differential is given by the formula 

n+l 



i<3 
n+l 



.. . . .k-i.. . ..kj .... .kn-\-\ 

a 



- V(-l)'+^A, fc.c 

^ A,+A,,Ai,...,A,,...,Ajv,An+i' 

i<j 



where Xi^k is the kth coordinate of the vector Aj. 

The cohomology of the Lie algebra Wr- with trivial coefficients was 
computed by Gelfand and Fuchs |GF2| (see also 0, §2.2.2]). 



Example 10.2. The subalgebra of divergence derivations is a formal 
distribution subalgebra of Wr- The corresponding conformal algebra is 
the following subalgebra of the algebra in Example |10.1| : {^. Pi{d)U \ 

Example 10.3. The subalgebra Hr, r = 2s, of Hamiltonian deriva- 
tions is a formal distribution subalgebra of Wr. The corresponding 
conformal algebra is of rank one: A = C[d]L with A-bracket 

s 

[LxL] = "^{Xs+idiL - Xids+iL). 

1=1 

Its annihilation algebra Hr- is the Lie algebra of Hamiltonian deriva- 
tions of C[Xi, . . . ,Xr]- 
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The nth term of the complex C*{A,C), whose cohomology is 
H*(ifr_), can be identified with the space of skew- symmetric poly- 
nomials in Ai, . . . , A„. The differential is given by the formula 

{dP){Xu ■ ■ ■ , K+i) 

n+l 

-iy~^-' [Xi\\j)P{\i + Aj, Ai, . . . , Aj, . . . , Aj, . . . , A„+i) 



Kj 



where {X\^i) = Y.l^iihfJ's+k - K+kfJ'k)- 

For r = 2 this complex has been known for quite a long time, but 
the computation of its cohomology is still an open problem (see 0, 
§2.2.7]). 

Example 10.4. The subalgebra K^, r = 2s + l, of contact derivations 
is also a formal distribution subalgebra of Wr, but the corresponding 
conformal algebra is of infinite rank. It is better viewed as a Lie* 



algebra of rank 1, see Section 12 



11. Higher differentials 

For the computation of the cohomology with non-trivial coefficients 
of the Lie algebras of vector fields, it is useful to know the cohomology 
of their subalgebras of vector fields which have a zero of certain order at 
the origin (see |F|). The argument of Theorem |6.1| can be generalized 



to give a complex which produces this cohomology. 

Let A be a conformal algebra in r indeterminates which is a free 
C[9]-module: A = ^■^jC[d]L\ For fixed N e Z^, we define = 
{LieA)N to be the subspace of the annihilation algebra g_ = {Lie A)-, 
spanned by L^, i & I, m > N (meaning that > Ni for each i). We 
are interested in the case when is a Lie subalgebra of g_. Note that 
this is always true when the entries of N are large enough. Indeed, we 
can write 

(11.1) [AL^] = 5^Cj.(A,a)L^ 

fee/ 

for some uniquely determined polynomials Cf . Then 



:il.2) [L\,U^] = J2C^,{\-^-f^)L' 



\ T 



It follows that for large N the commutator [d}^L\, dj^Ljj] can be ex- 
pressed in terms of d^^^L^^^. Since L{ = Err^>iv ^tri^^"''^^ this 
shows that Qn is a Lie subalgebra of 0_. 
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Let M be a module over the conformal algebra A. Then M is a 
g_-module and hence also a 0Ar-niodule. Let V be the vector space 
0^gj-CL*. As in Section ^ the nth term of the complex C'{qn,M) 
can be identified with the space of linear maps 

(11-3) , , i. 

which are skew-symmetric with respect to simultaneous permutations 
of fcj's and Aj's. Using (|11.2| ), one can easily write its differential d^. 

Example 11.1. Let A be the conformal algebra associated to the Lie 
algebra Wr of vector fields (Example |10.1|) . Then for N E 'ZZ^, Wr^N 
is the Lie algebra of vector fields such that all Pi{x) are 

divisible by a:;''^. Equation ( |10.1|) implies 

[dxL\, d^U^ = y^jdx+fj,L\j^^ — fJ'idx+fj.Lx+fj.- 
The differential (In of the complex (|11.3| ) is given by the formula 



n+1 

V JV ;Al,...,An+l J A, A, Xl,...,Xi,...,Xn+l 



i=l 
n+1 

^ ^ / -I \ 7.4- T O /V \ ^ii^lvi^iv -i^j 1 • • ■ i^n + l 



i,j=l 
i<j 

n+1 



Ai+Aj , Ai Ai ,. . ., Aj ,. . ., Aji+i 



i<j 



^ Aj+Aj , Ai Ai Aj Ati-i-i 



Example 11.2. Let g be a Lie algebra. Then the current algebra 

spanned by the coefficients of the 
pairwise local formal distributions a{z) := a® 5{x — z), a G g. They 
satisfy [a(z),6(tu)] = [a,h]{w)5{z — w). The corresponding conformal 
algebra is A = C[d] (X>c with A-brackets determined by 

[axb] = [a, b] for a,b E Q. 

The annihilation algebra of A is 0_ = g (S>c C[a;] and for N G 
0jv = ®c C[a:;]cc-^. Now C"'(0Ar, M) consists of all 

a: 0®"^M[Ai,...,AJ, 

ai (g) ■ ■ • (g) a„ f-> aAi,...,A„(ai, . . • ,a„), 

skew-symmetric with respect to simultaneous permutations of Oj's and 
Aj's. The differential dj^ is given by 
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(<^Ara)Ai,...,A„+i (fli, • • • , 0,n+l) 
n+1 



1=1 
n+1 

i<j 



. . . , Clj, . . . , O^-i-i) . 



Remark 11.1. It is easy to see that in the above examples the differen- 
tials satisfy c/jvc^jv' + (ijv'C^Ar = 0. 

12. Relation to Lie* algebras 

The theory of conformal algebras is in many ways analogous to the 
theory of Lie algebras. The reason is that in fact conformal algebras 
can be considered as Lie algebras in certain pseudo-tensor categories, 



instead of the category of vector spaces. A pseudo-tensor category [[BP 
is a category equipped with "polylinear maps" and a way to compose 
them. This is enough to define the notions of Lie algebra, representa- 
tions, cohomology, etc. 

As an example, consider first the category Vec of vector spaces (over 
C). For a finite non-empty set / and a collection of vector spaces 
{Li}i(zj, M, we can define polylinear maps from to M: 

Pj{{Li}i^i,M) := Hom(®ie/^i,M). 

This is a vector space with an action of the symmetric group 5*/ on it. 

For any surjection of finite sets J ^ I and a collection {Kj}j(zj, we 
have the obvious compositions of polylinear maps 



(12.1) Pji{L,},^j,M)^Q^PjX{K,}^^j^,L,) ^ Pj{{K^},^j,M), 

(12.2) (f) X {ipijiei ^ (po {^i^iipi) = (l){{ilJi}i^i), 

where Jj := 7!'^^{i) for i G /. 

The compositions have the following properties: 

Associativity: li H ^ J, {Fh}h(^H is a family of objects 
and Xj e PH,{{Fh}heH,,Kj), then (j){{M{Xj}jeJ,)} i^j) = 

Unit: For any object M there is an element idAf G Pi({M}, M) such 
that for any G Pi{{Li}i^i, M) one has idAf(0) = (f){{idL,}iei) = 
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Equivariance: The compositions ( |12.1| ) are equivariant with re- 
spect to the natural action of the symmetric group. 



Definition 12.1. ||B1J|| . A pseudo-tensor category is a class of objects 



M. together with vector spaces P/ ({Lj}ig/, M) on which the symmetric 
group Si acts, and composition maps ( |12.1| ), satisfying the above three 
properties. 



Remark 12.1 . For a pseudo-tensor category Ai and objects L, M G Ai, 
let Hom(L, M) = Pi{{L},M). This gives a structure of an ordinary 
(additive) category on and all Pj are functors x Ai Vec. 

(Here A4° denotes the dual category of A^.) 

Remark 12.2. The notion of pseudo-tensor category is a straightfor- 
ward generalization of the notion of operad. By definition, an operad 
is a pseudo-tensor category with only one object. 

It is instructive to think of a polylinear map (p G P„({Lj}"^]^, M) as 
an operation with n inputs and 1 output, represented by the figure 




M 



Definition 12.2. A Lie algebra in a pseudo-tensor category M. is an 
object A and /i G P2{{A, A}, A) with the following properties. 

Skew-symmetry: yU = —ai2 fi, where au = (12) G 5*2. 
Jacobi identity: /i(/i(-, ■), ■) = /i(-, /i(-, ■)) - cri2 /i(-, /i(-, ■))? where 
now = (12) is viewed as an element of S-^- 

Pictorially, the skew-symmetry and the Jacobi identity for a Lie al- 
gebra {A, n) look as follows: 
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1^ 



1^ 



A[ A) A 
1^ 



+ 



Definition 12.3. A representation of a Lie algebra {A, /j,) is an object 
M together with p G P2{{A M}, M) satisfying 

= •)) - (^12 •))■ 



Definition 12.4. An n-cochain of a Lie algebra {A, n) with coefficients 
in a module {M,p) over it is a polylinear operation a e P„({74, . . . , 
74},M) which is skew-symmetric, i.e., satisfying 




M 



M 



for alH = 1, . . . , n. 

The differential of a cochain is defined as follows: 



da 



M 
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1 ;-l ( i+l n+l 



E (-1)* 



+1 



l<i<n+l 



+ E (-1) 

l<i<j<n+l 



i+j 




The same computation as in the ordinary Lie algebra case shows 
that = 0. The cohomology of the resulting complex is called the 
(reduced) cohomology of A with coefficients in M and is denoted by 
E.'{A,M). 



Remark 12.3. One can also define the notions of associative algebra or 
commutative algebra in a pseudo-tensor category, their representations 
and analogues of the Hochschild, cyclic, or Harrison cohomology. 

Example 12.1. A Lie algebra in the category of vector spaces Vec is 
just an ordinary Lie algebra. The same is true for representations and 
cohomology. 



Example 12.2. Let D be a cocommutative bialgebra with comultipli- 
cation A and counit e. Then the category M^{D) of left D-modules is a 
symmetric tensor category. Hence, A4\D) is a pseudo-tensor category 
with polylinear maps 

(12.3) Pi{{Li}iei, M) := YLovcioi^ieiLi, M). 
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A Lie algebra in the category Ai^D) is an ordinary Lie algebra which 
is also a left D-module and such that its bracket is a homomorphism 
of D-modules. 



Example 12.3. Let D be as in Example 12.2 . We introduce a pseudo- 
tensor category Ai*{D) with the same objects as Ai\D) but with 
another pseudo-tensor structure ||BD|| 

(12.4) Pj{{Li}i^j,M) :=Hom^«.(K,e/^,,D®^®BM). 

Here Kljg/ is the tensor product functor M\Dy —>■ M\D®^). For 
J ^ I the composition of polylinear maps is defined as follows: 

(12.5) := AW(0) o 

Here is the functor M\D®^) M\D®^), M ^ D^'^ M 
where D®^ acts on D®"^ via the iterated comultiplication determined by 
7r. The symmetric group 5*/ acts on P/({Lj}jg/, M) by simultaneously 
permuting the factors in Mi^iLi and D®^ . 

Definition 12.5. A Lie* algebra is a Lie algebra in the pseudo-tensor 
category JVi*[D) defined above. 

The following examples of Lie* algebras are important: 
1. When D = C we recover Example |12.1 . 



2. For D = C[d] (with A{d) = d(g)l + l(g)d, e{d) = 0) we get exactly 
the notions of conformal algebras, conformal modules over them and 
the reduced cohomology theory introduced in this paper. 

3. For D = C[di, . . . ,dr] we get conformal algebras in r indetermi- 
nates, see Section [l^. 

4. When D = C[r] is the group algebra of a group F, one obtains 



the F-conformal algebras studied in ||GK|| . 

5. Let F be a subgroup of C* and let D = C[a] x C[F] = 
©mez+,aer C(9™Tq with multiplication T„T/3 = Ti = 1, TadT'^ = 
ad and comultiphcation A{d) = 9(g)l + l(g)(9, A(r„) = T« (g) T„. Then 
we get the F-conformal algebras studied in [ [BDK| ] (cf. | |K4| |). 

6. Let now D = C[d] x -F(F), where F{r) is the function algebra 
of a commutative group F. In other words, D = «er CS'^tTq, 
with multiplication tTcTt^ = Sa^/si^a, diTa = T^ad and comultiplication 
A(9) = (9(8)1 + 1® (9, A(7rQ,) = Yli-yeT '^a-y-'^ ® '^-y- Then one gets the 



notion of F-twisted conformal algebra pDK|| (cf. 



7. Let D = U{1)) be the universal enveloping algebra of the Heisen- 
berg Lie algebra () with generators Oj, bi, c and the only non-zero com- 
mutation relations [aj,6j] = c (1 < i < s). Let A = DL be a free left 
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D-module of rank one. Define n G P2{{A, A}, A) by the formula 

s 

/i(L ML) = (^{ai bi - bi ai) + c 1 - 1 ® cj ®D L. 

1=1 

Then {A, fi) is a Lie algebra in the category Ai*{D) with annihilation 
algebra Kr-, r = 2s + 1, ci. Example |10.2 . 



13. Open problems 

There are a number of interesting problems which we left beyond the 
scope of this paper. 

1. Compute the cohomology of Curg with coefficients in 
Chom(M, A^), where M and N are current modules. The same for 
the Virasoro conformal algebra, where M and are modules of 
densities. Only is known (see ||CK W|| ) , and the result is highly 
nontrivial. 

2. Compute the cohomology of the general conformal algebra gcj^ 



and its infinite-rank subalgebras, see |[K4|| , with trivial coefficients. 
Is it true that H'(gc^, C[9]^) is trivial? 

3. Study the relationship between B.'{A,M) and B.*(Lie A,V{M)). 
A mapping between the two is given in Section |6.3| . Our compu- 
tations show that in the case of a current or the Virasoro confor- 
mal algebra A, the image of H*(y4, C) contains all generators of 
H'(LieA C). 

4. Compute the cohomology of conformal algebras in several in de- 
terminates. 

5. Compute the Hochschild and cyclic conformal cohomology of 
Cend(M). These problems are apparently related to 0. 
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